A new fast and accurate capacitance determination methodology for interconnect capacitance extraction is presented. The methodology is based on Quasi Monte Carlo integration technique applied to method of moments solution of integral equation. As an example, the interconnects are modeled as parallel plate, cylindrical, and spherical capacitors separated by some distance and multilayered and multiconductor interconnects. The proposed capacitance determination methodology is more efficient and accurate than conventional methods and is also capable of dealing with singularity problem encountered in the kernel of the integrand. It is shown that the computed capacitances have excellent agreement with analytical formula based results within 2% error.
Introduction
A tremendous increase in clock frequencies and an enormous rise in packing densities of modern high-speed electronic circuits and interconnect lines make it necessary to capture the parasitic effects in electromagnetic modeling very accurately. Quantitatively determining the parasitics (resistances, capacitances and inductances) for a three-dimensional conduction structure is critical to modeling the conductive losses and simulating conducted EMI performances for modern electronic systems. The primary adverse effects due to the interconnect lines are the signal delay and crosstalk [1] . As a technology becomes more advanced, the effects will be more apparent since the future clock frequencies will be higher and the interconnect structures will be longer as well as much tighter. In order to gain insight into the coupling behavior as well as for subsequent synthesis of reliable circuit models, one needs to extract the capacitance with a high degree of accuracy and in an efficient manner. In general, the capacitance is obtained from the charge density distribution on the surfaces of the interconnects. The accurate determination of interconnect capacitance is also important in order to accurately characterize integrated circuit (IC) signal delay and crosstalk. Thus, considerable effort has been exerted on the interconnect capacitance extraction. To date, two-dimensional (2-D)-based capacitance * Corresponding author E-mail addresses: shradha.shekhar@gmail.com (S. Shekhar), ankhuridubey@gmail.com (A. Dubey), mrinal.mishra@gmail.com (M. Mishra), ngupta@bitmesra.ac.in (N. Gupta) extraction methodologies have been widely employed for IC computer-aided design (CAD) timing verification and signal integrity analysis since IC capacitances can be quickly determined by them [2, 3] . In order to improve the capacitance simulation, many 3-D-based techniques have been developed [4] [5] [6] [7] [8] . However, these three-dimensional techniques need a huge amount of computation time even for a relatively simple three-dimensional structure. Thus, there has been a growing need for a fast as well as an accurate 3-D-based capacitance extraction methodology. In [9] , the capacitance extraction problem was actually simplified by using five fundamental steps that can simplify the complicated interconnects structure. However, the technique requires preprocessed capacitance libraries based on specific structures. Thus, it is not efficient or general. Furthermore, the empirical fitting for the library construction may cause inaccuracy problem. In this paper, a new accurate as well as efficient interconnect capacitance extraction method is presented. The capacitance calculation procedures of the method are schematically described using the Quasi Monte Carlo integration technique (QMCI) [10, 11] . In [11] , the proposed technique is applied to compute the capacitances of the parallel plates, and concentric cylindrical and spherical capacitors. However, in the proposed work, the technique is extended to compute the capacitances of interconnects modeled in terms of parallel plates and non-concentric and isolated cylindrical and spherical capacitors separated by a distance and further extended to multilayer structures. 
Quasi Monte Carlo integration technique
The Monte Carlo integration (MCI) technique [12] computes the integral by taking a lot of random samples and averaging their contributions. The QMCI [13] is a deterministic numerical integration technique that operates in the same way as MCI, but instead uses sequences of quasi-random numbers which have a more uniform behavior to compute the integral. QMCI methods can be viewed as deterministic versions of Monte Carlo methods. Determinism enters in two ways:
1. By working with deterministic points rather than random samples.
2. By the availability of deterministic error bounds instead of probabilistic MCI error bounds.
Quasi-random numbers are generated algorithmically by computer, and are similar to pseudo-random numbers while having the additional important property of being deterministically chosen based on equally distributed sequences in order to minimize errors. This leads to improved convergence compared to traditional MCI technique. The sample points in a quasirandom sequence are, in a precise sense, "maximally avoiding" of each other and hence automatically take care of the singularity issue in solution of the singular integral equation.
Several methods for producing QR sequences also known as low discrepancy sequences such as Halton, Sobol, Faure, Niederreiter, etc, have been developed in the past [12, 13] . The Halton is one of the simplest and standard quasi-random sequences used widely in QMCI. This is a class of multidimensional infinite sequences which is generated using a prime base depending on each dimension D. For D = 1, base 2 is used; for D = 2, base 3 is used; while for D = 3, base 5 is used. Thus, for D = n, the n th prime number will be the base. For example, D = 28, the base will be 107, i.e., the 28 th prime number starting from the prime number 2. To generate a Halton sequence, a decimal integer n (n = 0, 1, 2, . . . ) is represented in base p where p is a prime number. To obtain a value in [0, 1), the digits are reversed and a decimal point is added. The base of each Halton sequence increases as we increase the dimension. Larger dimension implies larger base which results in longer cycle and more computational time. The length of the cycle equals the base of the dimension, i.e., for base 2 (representing dimension equals 1) the length of the cycle is 2. The cycle numbers for base 2 along with generated QRNs and cycle length are depicted in Table 1 .
In the present work, the Halton sequence is applied in the QMCI formulation for the solution of one-dimensional singular integral equation arising in the method of moments (MoM) solution of the determination of capacitances in interconnect problem.
Capacitance calculation
The capacitance of a capacitor is defined as the ratio of the magnitude of the charge to the potential difference, that is,
where ε is the permittivity of the dielectric of the capacitor in farad per meter. The permittivity of free space, for instance, is about 8.854 × 10 −12 F/m. The capacitance is a physical property of the capacitor and is measured in farad (F). From equation (1), it can be calculated for any given two-conductor system by either of the following methods: assuming the charge Q and then determining the potential difference V 0 in terms of the charge Q (involving Gauss's law); or assuming V 0 and then determining Q in terms of V 0 (involving solving Laplace's equation). Alternatively, the capacitance can be obtained based on the electric energy W e stored in the capacitor as
Then the capacitance can be expressed as
Since the capacitance is independent of the frequency of the exciting signal, it is very convenient to calculate using equation (1) or (3) on the basis of the analysis of electrostatic fields to the given system.
Mathematical formulation
The first problem under investigation is that of finding the unknown charge density over a circular metallic plate maintained at constant potential. We know that the potential V (r) due to a charge distribution characterized by density ρ(r ) over a region R is given by
where r and r are the observation and source points, respectively. If this equation is applied to the metal surface where the potential V (r) is known, then this becomes an integral equation for the unknown charge density ρ(r ).
For MoM solution of the integral equation, taking some known basis function f n (r ), the unknown charge on the conducting surface is expanded as ρ(r ) = M ∑ n=1 a n f n (r ) with unknown coefficients a n to be determined. Then, on the surface we have
Applying the above equation on M observation points r 1 , r 2 , ......, r M , on the surface, we get a matrix equation
where
The unknown vector a n can be obtained by matrix inversion and an approximate solution can be obtained for the entire surface. For the case of metallic circular plate we have
where z − z = d, when points are on different plates, 0, when points are on the same plate,
and
The second problem under study is the capacitance of two isolated cylinders, such that
where the primed coordinates are the source points and d is the distance between the axes of the two cylinders and equals zero when the source and observation points are on the same cylinder. The third problem studied is the capacitance due to two isolated spheres. Here,
where x = d + r 1 sin θ cos φ , when observation point is on sphere 1 and source point is on sphere 2; x = d + r 2 sin θ cos φ , when observation point is on sphere 2 and source point is on sphere 1; x = d + r sin θ cos φ , when both the source and observation points are on the same sphere; x = r sin θ cos φ , in which r is the radius of the sphere; y = y = r sin φ cos θ , where r is the radius of the sphere on which the source points lie; z = z = r cos θ cos φ , where r is the radius of the sphere on which the source points lie.
Results and discussion
In order to demonstrate the suitability of the proposed formulation for the charge density problem, several examples are presented;
Example 1: capacitance of two circular parallel plates. Example 2: capacitance of two isolated cylinders. Example 3: capacitance of two isolated spheres. Example 4: Capacitance of multilayered and multiconductor interconnects.
The results of these cases are then compared with the result available in the literature. First the capacitances of two circular plates are computed as a function of the distance between the two plates. Table 2 shows the results obtained as compared with the results of the adaptive integral method (AIM) [14] . Next, Table 3 shows the results of the proposed method for larger separation between the plates. As expected the capacitance decreases as the distance between the plates increases. The result for the capacitance of two isolated cylinders with radii 1 m and 2 m respectively, as a function of distance between them, is tabulated in Table 4 . As expected the capacitance decreases by increasing the distance between the cylinders. The results for capacitance of two isolated spheres using proposed method has been compared with Elastance matrix method [15] and the results are found to be in excellent agreement as can be seen from Table 5 . Radii of the two spheres are taken to be 1 m each. Again, the capacitance decreases as the distance between the two isolated spheres increases. Table 6 shows the variation in capacitance for a fixed distance of 10 m between the centers of the two isolated spheres as a function of increasing radius of one sphere and fixing the radius of the other at value 1 m. It can be seen that with the increase in the radius of one of the spheres, the capacitance increases as expected.
It should be noted that the results are presented for specific dimensions (meters) in order to validate the proposed technique against the available standard results. However, for the interconnect problem the dimensions used may be scaled down to the millimeter in order to get the desired results.
In the last example, a four-line interconnect and twodielectric layers with flat dielectric interface are modeled using the proposed technique by focusing on the calculation of capacitance matrices. Figure 1 shows the geometry of the model with parameter values where the conductors are numbered from left to right and upper to lower as 1, 2, 3, and 4, respectively.
Numerical values for some of the capacitance matrix elements, generated by the proposed approach and by on-surface MEI procedure and moment method [16] with total charge in structure, respectively, are given in Table 7 . In QMCI technique the number of Halton points considered is 60. Note that the discrepancies between the values generated by our approach and by other methods reported in the literature are practically smaller than 0.2%.
Conclusion
The QMCI technique using Halton sequence was proposed in the MoM solution of the integral equation. This technique has been applied on problem for unknown charge distribution on the surfaces of metallic structures and the capacitances are computed for the case of parallel plate, cylindrical, spherical capacitors, and multilayered and multiconductor interconnects. The results demonstrate that the proposed QMCI technique produces results that are accurate. The higher accuracy is evident especially at the edges where the charge concentration is very high. 
